36 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 13, NO. 1, JANUARY 2014

Sum-Rate Maximization in the
Multicell MIMO Multiple-Access Channel with
Interference Coordination

Duy H. N. Nguyen, Student Member, IEEE, and Tho Le-Ngoc, Fellow, IEEE

Abstract—This paper is concerned with the maximization of
the weighted sum-rate (WSR) in the multicell MIMO multiple
access channel (MAC). We consider a multicell network operating
on the same frequency channel with multiple mobile stations
(MS) per cell. Assuming the interference coordination mode in the
multicell network, each base-station (BS) only decodes the signals
for the MSs within its cell, while the inter-cell transmissions are
treated as noise. Nonetheless, the uplink precoders are jointly op-
timized at MSs through the coordination among the cells in order
to maximize the network weighted sum-rate (WSR). Since this
WSR maximization problem is shown to be nonconvex, obtaining
its globally optimal solution is rather computationally complex.
Thus, our focus in this work is on low-complexity algorithms to
obtain at least locally optimal solutions. Specifically, we propose
two iterative algorithms: one is based on successive convex
approximation and the other is based on iterative minimization
of weighted mean squared error. Both solution approaches shall
then reveal the structure of the optimal uplink precoders. In
addition, we also show that the proposed algorithms can be
implemented in a distributed manner across the coordinated
cells. Simulation results show a significant improvement in the
network sum-rate by the proposed algorithms, compared to the
case with no interference coordination.

Index Terms—Multicell, interference coordination, coordi-
nated multipoint transmission/reception, multiple-input multiple-
output, multiple access channel, convex optimization, MMSE.

I. INTRODUCTION

N the latest 3GPP LTE-Advanced Release, coordinated

multi-point transmission/reception (CoMP) has been con-
sidered as a technology to improve the system’s coverage,
throughput, and efficiency [1]. In the downlink direction,
CoMP coordinates the simultaneous information transmissions
from multiple base-stations (BS) to the mobile-stations (MS),
especially to the ones in the cell-edge region. In the uplink
direction, CoMP allows the system to take advantage of the
multiple receptions at the multiple cells to jointly decode the
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uplink signal from the MSs. Since CoMP actively utilizes the
inter-cell transmissions, instead of treating them as interfer-
ence, the system performance can be significantly improved
[1]. Note that the concept of CoMP is equivalent to that of
network MIMO, where the multiple BSs are fully coordinated
to form a large single antenna array with distributed antenna
elements [2]. Thus, existing precoding techniques in single-
cell MIMO transmissions can be straightforwardly adopted
to this network MIMO configuration. While extracting the
most performance from the multicell network, network MIMO
comes at the expense of high complexity in joint precod-
ing/decoding and ideal backhaul transmissions among the BSs
for data and control signaling exchange [3].

In a lesser level of coordination, namely interference co-
ordination, each BS needs to encode or decode only the sig-
nals to/from the MSs within its cell. This encoding/decoding
strategy relieves the need of data exchange in the backhaul
links among the coordinated BSs. The inter-cell transmissions,
now being considered as the source of inter-cell interference
(ICI), are still fully controlled through the coordination among
the cells. In this multicell system with interference coor-
dination, transmission/reception techniques for a single-cell
MIMO system are no longer applicable and need a rework.
In particular, in the downlink direction, the precoders from
different BSs have to be coordinately designed to control the
ICI. Compared to the multicell system with no interference
coordination, significant power reduction or rate enhancement
can be obtained by such a joint precoding design across the
coordinated BSs [4], [5]. Similarly, in the uplink direction, it
is expected that the system performance can be also improved
by exploiting interference coordination among transmitting
MSs. However, to the best of our knowledge, no work in
the literature has addressed this coordinated precoding de-
sign to realize its performance enhancement in the uplink
transmissions. In contrast to the downlink direction, where
the coordinated precoders are designed at the BSs, it may
be desirable for the uplink counterpart that each MS is able
to determine its precoder distributively with local information
only. In this case, the role of the BSs is to exchange useful
control signaling to the MSs so that each MS can optimize
its precoder on its own. On the other hand, the precoder at
each MS has to be devised in a coordinated manner, in order
to maximize the link performance to its connected BS while
minimizing its induced ICI to other BSs.

In this paper, we examine a coordinated multicell system
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in a general setting with multiple MSs per cell, where each
MS is equipped with multiple transmit antennas. At each cell,
the multiple MSs concurrently transmit information signals to
its connected BS, which indeed emulates a MIMO multiple-
access channel (MAC) system. Per the interference coordi-
nation mode, the BS then only decodes the signals for its
connected MSs by implementing the capacity-achieving de-
coding technique, namely successive interference cancelation
(SIC). The main interest of this paper is the study on how
to design the uplink precoders at the MSs with the objective
of maximizing the network weighted sum-rate (WSR). Since
this WSR maximization problem is shown to be nonconvex, it
is generally difficult and computationally complex to find its
globally optimal solution. Thus, the main focus of this work
is on proposing low-complexity algorithms to break down the
nonconvex WSR maximization into a sequence of simpler
convex problems.

A. Related Works

It is known that the resource allocation problem (power
allocation, precoder design, etc) for maximizing the WSR in
an interference network is a challenging task. Even if there is
only one MS per cell, where the multicell system is known as
an interference channel (IC), the WSR maximization problem
turns out to be nonconvex [6]. Several works in literature have
examined different numerical techniques to design the transmit
precoders to maximize the WSR. Specifically, the gradient
projection method was applied in [6] to search for a locally
optimal transmit strategy. The works in [7], [8] applied the
successive convex approximation technique to decompose the
original nonconvex problem into multiple convex problems,
which can be solved separately at the transmitters. In par-
ticular, each transmitter optimizes its precoder to maximize
its link data rate with an inferference-penalty term on the
interference induced to other links [7], [8]. This approach,
being referred to as iterative linear approximation (ILA) [9],
can be traced back to earlier works in difference of convex
(DC) programming [10]-[12], where the nonconvex parts are
linearly approximated into the penalty terms. In [6]-[8], by
considering only one single MS per cell, the decomposed
problem can be readily solved in a closed-form solution at
its corresponding BS [8].

One other distributed approach to locally solve the noncon-
vex WSR maximization problem in an interference network
is the weighted mean squared error (WMMSE) algorithm.
The main concept of the WMMSE is the transformation of
the WSR maximization problem into an equivalent WMMSE
problem with some specially chosen weight matrices [13]. The
WMMSE problem is then solved by alternating optimizing
the weight matrices, the precoders, and the minimum mean
squared error (MSE) decoders. Initially proposed in [13]
for the single-cell MIMO broadcast downlink channel, the
WMMSE algorithm was considered in [14] to maximize
the IC’s WSR with one data stream per link. Recently,
the WMMSE approach has been extended to the multicell
downlink system with multiple MSs per cell in [9], where the
linear precoders are optimized for the multicell throughput
maximization. Compared to the sequential update by the ILA

algorithm, the WMMSE algorithm may converge faster due to
its distributively and simultaneously updating procedure [9].

B. Contributions of This Work

The main contribution of this work is the development
of low-complexity algorithms to solve the nonconvex WSR
maximization problem in the multicell MIMO-MAC. The two
approaches, namely ILA and WMMSE, are considered in
order to maximize the network WSR. In addition, this work
presents the distributed implementation of each algorithm,
which allows certain operations in the algorithm to be per-
formed in a distributed manner among the coordinated BSs
and MSs.

When applying the ILA algorithm to the multicell MIMO-
MAC, the approximation and decomposition step converts the
nonconvex problem into a sequence of multiple MAC sum-
rate maximization problems with interference-penalty terms,
where each problem corresponds to the MAC at each cell.
We then show that each decomposed problem is a convex
program, which facilitates the finding of its optimal solution
at its corresponding BS. However, due to the consideration
of multiple MSs per cell, a closed-form optimal solution to
the decomposed problem is not readily available. Instead, by
exploring the inherently decoupled constraints for the transmit
covariance matrix of each MS, we derive an equivalent opti-
mization problem that can be solved sequentially over each
variable matrix by a fast-converging algorithm. Interestingly,
the decomposition in the ILA algorithm then reveals the
structure of the optimal uplink precoders. In addition, the
ILA solution approach also reveals the message signaling
mechanism to facilitate its distributed implementation among
the coordinated cells.

When applying the WMMSE algorithm to the multicell
MIMO-MAC, we show that the network WSR maximization
problem can also be transformed into an equivalent WMMSE
problem. Taking SIC into consideration, we then show how to
optimally determine the precoders at the MSs, the minimum
MSE decoders, and the weight matrices at the BSs. In addi-
tion, we present the message passing mechanism among the
BSs themselves and between the BS and its connected MSs
in the multicell MIMO-MAC that facilitates the distributed
implementation of the WMMSE algorithm. For both ILA
and WMMSE algorithms, monotonic convergence to at least
local optimal solutions is subsequently proven. Simulation
results show that the proposed algorithms can significantly
improve the network WSR, in comparison of the multicell
system with no interference coordination among the BSs.!
The simulations also confirm the convergence analysis of the
proposed algorithms.

Notations: (X)T and (X)* denote the transpose and con-
jugate transpose (Hermitian operator) of the matrix X, respec-
tively; [X]s,» stands for the (m, n)th entry of the matrix X;
[X]* denotes the component-wise operation max{[X],, »,0};
Tr{X}, |X|, and rank{X} denote the trace, determinant, and

I'Without interference coordination, the BSs are said to be in competitive
mode where each BS selfishly maximizes the sum-rate for its connected MSs
only. This mode is sometimes referred to as the interference aware mode in
literature.
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rank of the matrix X, respectively; and 2* denotes the optimal
value of the variable x.

II. SYSTEM MODEL AND PROBLEM FORMULATION

We consider the multiuser uplink transmission of a multicell
system with @) separate cells operating on the same frequency
channel. At each cell, multiple MSs, each equipped with mul-
tiple transmit antennas, are sending independent data streams
to its connected multiple-antenna BS. For the simplicity of
presentation, it is assumed that the numbers of antennas at the
BS and MS are M and N, respectively, and the number of
MSs in each cell is K. Since the multicell system operates on
the same frequency channel, the intended signal from a MS to
a BS is now subject to the intra-cell interference from other
MSs in the same cell, as well as the inter-cell interference
from the MSs in other cells. In the interference coordination
design of this multicell system, the precoders at each MS are
jointly optimized to fully manage both the inter-cell and intra-
cell interferences.

Consider the MAC at a particular cell, say cell-g, the
received signal y, at its BS can be modeled as

Zquqqu +ZZanqu + 2, (D

r#q i=1

where x,, € CN*1 is the transmitted vector from the N-
antenna of MS-¢ in the rth cell, H,,., models the channel from
MS-i of cell-r to the gth base station, and z, is the zero-mean
additive Gaussian noise vector with the covariance matrix Z,.

Assuming linear precoding at each MS, the transmitted
signal from MS-¢ in cell-q can be expressed as

Xg, = V¢, Sq;, ()

where s,, € CP*! represents the information signal vector
for MS-i, and V,, € CV*P is the precoder matrix for MS-
i, and D = min(M, N) is the maximum number of spatial
data streams can be supported by MS-i. Without loss of
generality, columns of the precoding matrix V,, may be set
to zero if the corresponding streams are not active. While our
formulation allows each MS to multiplex up to D independent
spatial streams., it may not be clear a priori how many spatial
streams are actually active (capable of carrying information
data). Instead, after the optimization process to determine the
optimal precoder V,, for MS-i, the actual number of data
streams for MS-¢ can be determined easily by assessing the
rank of Vg . It is assumed that E [sq,sf'] = I In addition,
the precoder V,, is constrained by transmit power limit P,
ie.,

Te{V, VI <P, 3)

Let X, = E [x4,x | =V, VI be the transmit covariance
matrix of MS-i of cell-¢. Since rank{X,,} = rank{V},
should the optimization be carried over X, , assessing the rank
of X, then reveals the number of active streams supported by
MS-i of cell-¢. Denote X, = {X,, }fil as the uplink precoder
profile of the K users in cell-q. Likewise, denote X_, =
(X, X1, Xg41, .-, X@) as the precoding profile of

all cells except cell-g. Denote

Q K

zg=Y Y Hyx, +2, 4)

r#q i=1

as the total ICI plus noise (IPN) at BS-g, and

Z Z H, X, Hl +2Z, (5

r#q i=1

R, —E zq

as the covariance matrix of the IPN at BS-q.

Per the interference coordination design being considered,
each BS only attempts to decode the signals from its con-
nected MSs using the capacity-achieving multiuser decoding
technique, namely successively interference cancelation (SIC)
[15]. For instance, BS-g employs SIC for the transmissions
from the K’ MSs within cell-q. Assuming the decoding order
from MS-1 (first) to MS-K (last), for a certain IPN covariance
R, the achievable rate of user-i in cell-g can be expressed as

K
‘Rq + 25— Hyg; Xq; H‘%j

Ry, (Xg,X_g) =log (6)

K )
‘Rq + 2255 Hog, Xg, HE

where the intra-cell interference from user-1 to user-(z — 1)
has been suppressed. Collectively, the MAC sum-rate of all
K users in cell-q is given by [16]

K
Ry (Xq,X4) = Zqu

K
I+R;" (Z H,, X, Hé‘;) ‘ (7)
=1

where the denominators inside the log function are se-
quentially eliminated. Note that this sum-rate is obtained
when BS-g does not decode the transmissions from the
users in other cells. The network WSR is then given by
Zqul weR¢(Xq,X_4), where w, denoted the nonnegative
weight of cell-q. To maximize the network WSR, let us
consider the following optimization

Q K
I+R, (Z H,, X, Hfm)
=1

= log

Z wq log

subject to Tr{Xqi} < P,,, Vi,Vq
X,, = 0, Vi, Yq.

®)

malelZe
D, ST

It is observed that problem (8) is clearly a nonconvex
problem due to the presence of X,,’s in interference terms
R,’s, » # . Thus, obtaining the globally optimal solution
to the problem is computationally complex and intractable
for practical applications. It may also require a centralized
solver unit to obtain such a solution. In this case, designing
low-complexity algorithms with distributed implementation to
compute local optimizers becomes a more attractive option.
To this end, we examine two simple and fast converging
algorithms with the goals: (i) obtaining at least locally optimal
solutions to the problem, and (ii) distributed implementation
which does not require a centralized unit nor full CSI across
the coordinated cells.
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III. THE ITERATIVE LINEAR APPROXIMATION (ILA)
ALGORITHM

A. The Iterative Linear Approximation Solution Approach

This section presents a solution approach to the original
nonconvex problem (8) by considering it as a DC program
[10]-[12]. Specifically, by iteratively isolating and approxi-
mating the nonconvex part of the objective function, the DC
program shall be decomposed into multiple convex optimiza-
tion problems, which can be solved distributively at each
MS with low complexity. In addition, the iterative procedure
allows the MSs to continuously refine and improve their uplink
precoders, which eventually yields a local optimal solution of
the original problem.

Denote f,(Xq, X_y) = Z R, (X4, X_,) as the
WSR of all other cells except cell q so that the network
WSR can be expressed as wqRq(Xq, X_q) + fq(Xq, X_g).
Since f,(X4,X_,) is not a concave function in X, we take
the approximation to this term. At a given value (X, X_,),
taking the Taylor expansion of f, around X,,, i =1,..., K,
and retaining the first linear term

K
- Z Tr {Aqf' (X‘Zi _Xth)} , (9)

i=1

fo(Xg, X—g) = fo(X
where A, is the negative partial derivative of f, with respect
to X, , evaluated at X, = X, given at the bottom of this
page. -
Using (9), the network WSR around X, wy R, (X, q)+
a) =
K

i Ir {Aqq' ai }} .

fq( X_4), can be approximated as w,Rq(X,

Zi:l Tr{Aququ'} + {fq(Xqvqu) +

Since the term f, (X, X o) + S0 Tr{A, X, } is now
fixed and consequently does not affect the maximization
of the network WSR. As a result, it can be omitted in
the objective function, i.e., maximizing w,R,(X,, X_,) +
f4(Xq,X_,) is equivalent to maximizing w, Ry (X, X_4) —
ZiK:1 Tr{A,X,}, and the nonconvex problem (8) can be
approximated as

X
X

K K
"

)121;11?(.1.1’11)(1% wq log q+z;qulX H, ZTr{Ainqi}

subject to Tr{X,, } < P,,, Vi

X,, = 0.

(1)

which can be solved solely at cell-g. In other words, the
optimization problem (8) can be approximately solved as @)
per-cell separate optimization problems (11).

It is observed that the approximated problem (11) is similar
to the MAC sum-rate maximization problem, studied in [16].

The difference here is the presence of the penalty term
Zfil Tr{A, X, }, which encourages cell-¢ to adopt a more
cooperative precoding strategy by limiting the ICI to other
cells. Should this term be not presented, the multicell system
is said to be in competitive mode where each cell would
selfishly maximize the sum-rate for its connected users only.
This results in a noncooperative game among the cells, similar
to the game studied in [17] for the case of one MS per cell. We
shall present some numerical results for this noncooperative
design in comparison to the considered coordinated design.

Note that the decomposed problem (11), corresponding to
the precoder design at cell-¢, is now a convex program, unlike
the original problem (8). Thus, it can be readily solved by any
efficient convex optimization techniques [18]. However, these
direct solution approaches may require a centralized solver
unit at the BS, and hence are not suitable for distributed
implementation at the MSs for the MAC. Fortunately, it is
observed that the constraints for each transmit covariance
matrix X, are inherently decoupled in problem (11). By
exploring this decoupled structure, the optimization (11) can
be solved sequentially over each variable matrix, like the MAC
sum-rate maximization problem in [16]. More importantly,
the optimization process over each variable can be performed
at the corresponding MS in a fully distributed manner. We
elaborate these observations in the following theorem and later
propose a fast-converging and distributed algorithm to solve
problem (11).

Theorem 1. For the K-user problem (11), {Xqi}fil is an
optimal solution if and only if X, is the solution of the
following optimization problem

. -1 H
maximize wq log ‘I + R, Hyp, X, Hy,,
i

- Tr{Aqq' qu}(lz)

subject to Tr{X,,} < F,,, X, = 0,

where
R, =R, +ZquJX HY (13)
J#i
is considered as noise.
Proof: Please refer to Appendix A. [ |

Since the structure of the optimal solution to problem (11)
has been revealed in Theorem 1, one can easily obtain its
optimal solution by sequentially solving problem (12) for
each user, i.e., MS-1 to MS-K in cell-g, until convergence.
We note that each problem (12) can be effectively solved by
the water-filling process, as presented in [8]. This sequential
optimization at cell-q accounts for the inner-loop iterative
precoder updates of the K MSs in cell-q.

of
A, =— g =
" Xy, Xg, =X

—Zwr

i r#q
i

r#q

X4, =X

Q
SwH! RS- (R + Y H, X, HL

K
H,,, (10)
=1 ,
Xq,=Xq,

i
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For the problem of @ cells (8), the proposed ILA algorithm
requires each cell-qg, ¢ =1, ..., Q to continuously update the
parameters { A, }K | and take turns to solve its corresponding
optimization (11). This sequential procedure accounts for the
outer-loop iterative updates across the () cells. We summarize
the ILA algorithm for the multicell MIMO-MAC in Algorithm
1. The convergence of the proposed ILA algorithm is given
in the following theorem.

Theorem 2. The Gauss-Seidel (sequential) iterative update
always improves network WSR and is guaranteed to converge
to at least a local maximum.

Proof: Please refer to Appendix B. [ ]
It is worth mentioning that the proposed ILA algorithm can
be executed by a central controller, which then passes the local
optimal precoders to the corresponding MSs. In this case, the
central controller must possess the full CSI knowledge of all
channels in the network. On the other hand, it is possible to
implement the proposed ILA algorithm in a distributed manner
by assigning certain optimization steps in the algorithm to
be performed each coordinated BS and MS. To this end,
we shall next present the interpretation to the ILA algorithm
that allows its distributed implementation. The complexity in
implementing the algorithm will be then discussed in Section
V.

B. Distributed Implementation of The Proposed ILA Algo-
rithm

In order to realize the distributed implementation of the
proposed ILA algorithm, we make the following assumptions:
o Assumption 1: Each MS knows the channel matrices
H,,,’s to all the BS-r’s in the network. This assumption
allows the MS to control its induced ICI to other cells.

o Assumption 2: The coordinated BSs have reliable back-
haul channels to exchange control information among
themselves.

o Assumption 3: The channels are in block-fading or vary
sufficiently slow such that they can be considered fixed
during the optimization being performed.

It is noted that Algorithm 1 involves two levels of compu-
tations. At the inner-loop level, assuming R, known at BS-¢
and A,, known at MS-i, cell-g performs the corresponding
optimization (11) autonomously using the result from Theo-
rem 1. The role of BS-q is to measure the total signaling plus
noise R, + Zszl quinngi, then pass this value to its
connected MSs. MS-: in cell-g, having known its channel to
its BS H,,,, can compute the noise component R,,. MS-i is
then required to update its uplink covariance matrix by solving
the optimization (12). This process, which corresponds to the
inner-loop iterations, is performed until convergence in cell-q.

At the outer-loop level, each BS needs to exchange the data
to compute the parameters {A,, }X, for next update. It is
observed from equation (10) that MS-: in cell-¢q needs to know
the channels H,.;,’s to all the BSs (per Assumption 1), as well
as the pricing matrix

-1

K
—1 H
B,=R,;'- |R.+Y H, X, HI | |
j=1

(14)

Algorithm 1: ILA Algorithm for Multicell MIMO-MAC

1 Initialize {Xg, }vq,vi, such that Tr{X,,} = Py,;
2 repeat

3 eri — th';

4 for g =1,2,...,Q do

5 Compute R, with X,, at BS-¢ and exchange among
the BSs;

6 At BS-q, update the pricing matrix A4, at MS-i and
perform ;

7 repeat

8 fori=1,2,..., K do

9 Compute R, at the BS and pass it to MS-i;

10 Perform ma))((imize wq log ‘I +

EE3

R, 'H,, X, H ’ ~Tr{A,,X,,}, with

Tr{X,,} < P,, at MS-i

11 end
12 until convergence;
13 end

14 until convergence;

in order to compute A,,. Thus, it is required that each BS
needs to compute its corresponding price B, g = 1,...,Q,
using local measurements on the IPN R, and the total signal
plus IPN R, + Zfil quinngh. These factors are then
exchanged among the BSs. Using the messages received from
other cells, BS-¢ then can easily pass {B, } -, to its connected
MSs before the inner-loop iterative procedure. The outer-
loop iteration is performed until the WSR reaches to a local
maximum, as stated in Theorem 2.

Remark 1: It is shown in Theorem 2 that the proposed
ILA algorithm allows the uplink precoders to be refined and
improved after each Gauss-Seidel update, which ultimately
converges to a local maximum. However, this update mech-
anism requires all the BSs to compute the pricing matri-
ces B,’s and exchange them within the network, after one
cell updates its precoding matrices. To reduce the amount
of information exchanges among the coordinated cells, the
proposed algorithm can be also implemented using the Ja-
cobi (simultaneous) iterative update. In particular, after the
exchange of the pricing matrices, all the cells simultaneously
update their precoding matrices. Specifically, the inner-loop
iterations can be performed independently and concurrently
in each cell. Although the convergence of the Jacobi update
is not analytically proved, most of the numerical simulations
confirm its rapid convergence rate. Thus, in our simulations
for the ILA algorithm, we utilize the Jacobi update instead of
the Gauss-Seidel to reduce the computational time.

Remark 2: When the multicell MIMO-MAC system oper-
ates under the competitive mode, the update of the precoders
across the () cells also involve two levels of iterations. In
an outer-loop iteration, each BS, say BS-¢, needs to measure
its IPN covariance matrix R,. In an inner-loop iteration, BS-
q needs to continuously measure and pass its total signal
plus IPN R, + Zszl quinngh to its K connected MSs,
while the MSs at cell-g take turns to selfishly maximize
the MAC sum-rate of cell-g by the iterative water-filling
procedure [16]. Compared to this competitive mode, the ILA
algorithm requires the inter-BS signaling in each outer-loop
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iteration for exchanging the pricing matrices B,’s. However,
the pricing matrices B,.,r # ¢ are required to be passed
from BS-¢ to its K connected MSs only once time before
the inner-loop iterations. Thus, the ILA algorithm does require
a rather similar amount of intra-cell BS-MS signaling as the
competitive mode.

IV. THE WEIGHTED MINIMUM MEAN SQUARED ERROR
(WMMSE) ALGORITHM

A. The Weighted Minimum Mean Squared Error Solution
Approach

In Section III, we have examined a linear convex ap-
proximation technique to solve the nonconvex optimization
problem (8) by successively improving the uplink covariance
matrices at the MSs. In this section, we examine a different
approach to solve this optimization problem by relating it
to a matrix-weighted sum-MSE minimization problem. In
particular, the new problem of interest is to alternately find the
transmit beamformers V,’s and their corresponding receive
beamformers U, ’s, which shall be characterized shortly.

With V,’s as the variables to be optimized, the optimiza-
tion problem (8) can be restated as

maximize E wqg Ry,

i Sy ,Vaq

5)

subject to Tr{tiVg} <P, Vi, V¥q,

where the achievable rate Iz,,, given in (6), can be rewritten
as

qq;

‘R +Z; quqJVqJVH H

R,

, (16)
’R + 3K (Hy, V,, VEH,

q4;

HppH
with R, Z#qzj 1 Her, Vo, VEEHG . + Zy.

It is noted that this achievable rate can be stated as a func-
tion of the error covariance matrix after the MMSE receive
filtering. Since SIC is applied at each BS to its connected
MSs, the signal from user-¢ is not corrupted by the intra-cell
interference from user-i to user-(¢ — 1). Thus, while treating
the interference as noise, the estimated signal for user-: in
BS-q is then given by

K
a H
Sq. = Uy, ZququJ'SqJ' T2q ], an
j=i
where Ug is the linear receive beamformer for user-i. This
receive beamformer is designed such that the MSE for the

data streams from user-7 of cell-g is minimized. As the MSE
matrix E,, is obtained from

Eq'i =E I:(éq'i - Sq'i)(élh - Sqq')H}
- (I - UHH(I%’V%‘) (I - UZHQ%‘ qu')H

+ZU 'Hyy, V,, VIR U,

qq;
J>1

+ Z Z Ul'H,, v, VI U, +Ulz,0, (18)
r#q j=1

the optimal receive beamformer is indeed the well-known
MMSE filter

UQq'

argmin [ Eg, |

aj

ZH%V Vil
—1
+ ZZH%V VIHI +Z,| Hy,V,,. (19)
r#q j=1

Consequently, the minimum MSE for user-: in cell-¢ is given
by

EZMSE =1I- Uquqi qu'

I+VIHE Z H,, V, ViHal
7>

1 -1

+ Z ZH%V VIHD +Z,| Hy V| 20)

r#q j=1

Given (16) and (20), the well-known relationship between
the data rate and the MMSE matrix can be stated as

Ry, = log| (B35) 7. @)

Utilizing this relationship, we establish the equivalence be-
tween the WSR maximization problem in the multicell
MIMO-MAC and the matrix-weighted sum-MSE minimiza-
tion in the following theorem.

Theorem 3. The multicell MIMO-MAC WSR maximization
problem (15) is equivalent to the following matrix weighted
sum-MSE minimization

minimize
W‘Ii 7V‘1i ’U‘Ii

Q K
Z Wq Z [Tr {Wq'iEq'i} - 10g |qu' | ](22)

subject to Tr {tivgf} < P,,,Vq, Vi,

where W, = 0 is the weight matrix for MS-i at cell-q.
In particular, the globally optimal solutions {V }v,v; are
identical for the two problems.

Proof: The proof for this theorem follows the same spirit
as in [9], [13] for the case of downlink transmission. First, it
is noticed that there is no constraints to the weight matrices
‘W,.’s and the receive beamformers U,,’s in problem (22).
Fixing all other variables, the optimal weight matrices W, ’s
are given by

W, =E '=1-U/H,V,. (23)

On the other hand, the optimal receive beamformers U, ’s to
problem (22) are the MMSE receivers, given in (19). Thus,
with the optimal W ,’s and Uy, ’s, the following optimization
problem is equivalent to problem (22)

minimize Z Wy Z log |EMMSE

i Sy vq

subject to Tr {tiVg} < P,,,Vq,Vi.

(24)
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This problem is indeed the WSR maximization problem for
the multicell MIMO-MAC (15), due to the connection between
the MMSE matrix Eg/i[MSE and the rate R,, givenin (21). ®
Having established the equivalence between the two opti-
mization problems (15) and (22), we now proceed to solve
the latter problem, which then prompts the solution to the
former one. Note that the objective function in (22) is convex
in each of the optimization variables U,,, V,,, W, . Thus, it
is possible to solve problem (22) by alternately optimizing one
of the variables while fixing the other two until convergence.
First, with fixed transmit beamformers V,,’s, the receive
beamformers U, ’s are optimally designed as in (19). Second,
fixing the transmit and receive beamformers V,’s and Uy, ’s,
the weighted-matrices W,’s are updated in a closed form
solution, given in (23). Finally, by decomposing the objective
function in (22), the update transmit beamformers V,’s are
carried by solving decoupled optimization problems across the
MSs
migimize w, Tr { W, (I- Ul H,, V) (I- UM H,, V) "}

V‘Ii

1—1
gy T { W, UM H,,, V, VEHE U, )
j=1

Q K
0 ST WL U HL, Y, VIR UL 25)
r#q j=1
subject to Tr {V, V1 < P,

It is noted that this optimization can be carried indepen-
dently and simultaneously across the MSs. As stated in [9],
[13], this problem is a convex quadratic program, which can be
optimally solved by standard optimization techniques. Using
the Lagrangian duality, the optimal solution to (25) can be
derived as

Q K
v~ (303w m 0, WU,
r#q j=1
_ —1
+qu Hé{h quij UZ qu«i+ ILLZI I Hé{h quWQi ’
j=1
(26)

where 4. is the optimal Lagrangian multiplier associated with
the power constraint at the MS. It is noticed that in case of
py, = 0 resulting in Tr {V,, VI} < P, . the corresponding
MS effectively does not transmit at full power. Otherwise, p7,
can be easily obtained by the bisection method such that the
power constraint is met with equality.

We summarize the proposed WMMSE algorithm for the
multicell MIMO-MAC as in Algorithm 2. In this algorithm,
at each outer-loop iteration, the updates can be performed
simultaneously across the ) coordinated cells. At each cell-q,
the corresponding BS-q sequentially updates the receive beam-
formers Uy, and the weight matrices W, for its MS-i for 4
from 1 to K. After that, the transmit beamformers V,’s can
be updated simultaneously by its MS-i. The iterative process
is performed until each variable converges to a local optimal
solution. We summarize the convergence and the optimality of
the proposed WMMSE algorithm in the following theorem.

Algorithm 2: WMMSE Algorithm for Multicell MIMO-

MAC

1 Initialize {V g, }vq,wi, such that Tr{V,, Vi1 =P, ;

2 repeat

3 Set Vg, < Vg, Vq,Vi;

4 Simultaneously update across @ cells;

5 forg=1,...,Q do

6 At the BS, sequentially update the receive beamformers
and weight matrices;

7 for:=1,...,K do

8 Update U, as in (19);

9 Update W, as in (23);

10 end

1 At the K MSs, simultaneously update the transmit
matrices Vg, Vi as in (26);

12 end

13 until convergence;

Theorem 4. The alternating minimization process in the pro-
posed WMMSE algorithm results in a monotonic decreasing
of the objective function in problem (22). For any limit point
(W2, Uz, Vi) as the minimizer of problem (22), V7 is also
a local minimizer of the original problem (15).

Proof: Please refer to Appendix C. [ ]
Like the ILA algorithm, the WMMSE algorithm can be im-
plemented either at a central controller or distributively across
the BSs and MSs, as being discussed in the following section.
The complexity in implementing the WMMSE algorithm shall
be addressed in Section V.

B. Distributed Implementation of the Proposed WMMSE Al-
gorithm

Note that the proposed WMMSE algorithm is executed by
alternately computing the receive beamformers and the weight
matrices at the BSs and computing the transmit beamformers
at the MSs. Under the same assumptions stated in Section
III-B, the WMMSE algorithm can be implemented in a
distributed manner as follows.

At the receiving end, each BS, say BS-g, needs to locally
measure its IPN covariance matrix R, and estimate the
transmit beamformers V,, from its connected MSs. Knowing
the decoding order, BS-q updates its receive beamformers
U,,’s and the weight matrices W,’s with local informa-
tion as stated in (19) and (23). BS-¢ then computes the
matrix wy Zfil ququUfZ and exchange it to the other
coordinated BSs in the network. Subsequently, BS-g passes
the updated matrices Wy ZjK:1 U, W, Ufg’s as well as the
matrix wg 22:1 U, W, Ug to its ith connected MS. At the
transmitting end, MS-i then optimizes its transmit beamform-
ing V,, within its power limit as stated in Equation (25) and
feeds back the updated V,, to BS-q.

Remark 3: In comparing to the sequential update in the
ILA algorithm, the proposed WMMSE algorithm allows si-
multaneous updates across the coordinated BSs and across the
MSs. This is due to the fact that the updating steps for the
receive beamformers U,,’s and the weight matrices W,’s
are decoupled among the BSs, whereas the updating steps
for the transmit beamformers V,’s are decoupled among
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TABLE 1
COMPLEXITY OF THE PROPOSED ALGORITHMS

Algorithm Operation Message Complexity | Number of Total Complexity
Type Operations
ILA R, in Eq. (5) BS-Local O(KQL?) | Q O(KQ2%L3)
B, in Eq. (14) BS < BS O(KL?) Q O(KQL?)
BS < MS
R, in Eq. (13) BS < MS O(KL?) K O(K?L3)
Ay, in Eq. (10) MS-Local O(QL?) K O(KQL?)
Xg4, in Eq. 27) MS-Local O(L3) K O(KL?)
ILA - Gauss-Seidel O(KQ3L? + K?QL?)
ILA - Jacobi O(KQ?L? + K2QL?)
WMMSE R, in Eq. (5) BS-Local OKQL® | Q O(KQZ%L?)
U,, in Eq. (19) sequentially | BS-Local O(L3) KQ O(KQL?)
‘W, in Eq. (23) sequentially | BS-Local O(L3) KQ O(KQL?)
we Y1y Uy, Wy, UX BS « BS OKL3 | Q O(KQL?)
BS < MS
wq Y5 Ug; Wq, Ul BS + MS O(L3) KQ O(KQL?)
Vg, in Eq. (26) MS-Local O(L?3) KQ O(KQL?)
WMMSE O(KQ?L?)

the MSs. Between the two periods of simultaneous updates

at BSs and at MSs, the BSs need to exchange the matrices
K H>

wg iy Uy Wy, U,’s.

V. COMPLEXITY OF THE PROPOSED ALGORITHMS

In this section, we analyze the complexity in implementing
the proposed ILA and WMMSE algorithms in a multicell
system. Similar to the approach used in [9], the complexity
of each algorithm is analyzed in each outer-loop iteration.
Note that an outer-loop iteration can be also defined as an
instance of signaling exchange among the BSs. To simplify
the complexity analysis, let us denote L = max{M,N}.
In Table I, we enumerate the complexity in undertaking the
operations (by computing the listed variables) at each iteration
as well as the total complexity of each algorithm. In addition,
if an algorithm is to be implemented in a distributed manner,
Column 3 “Message Type” in Table I classifies whether an
operation is taken at the BS, i.e., BS-Local, or at the MS,
i.e., MS-Local. The column also classifies whether a variable
obtained from its corresponding operation is passed as a
signaling message among the BSs, i.e., BS <+ BS, or between
the BS and its connected MSs, i.e., BS <+ MS. We elaborate
the content of Table 1 in the following.

In the ILA algorithm, at each iteration, the covariance
matrix of the ICI plus noise R, must be computed at BS-
g. As given in (5), R, is approximately the summation of
K@ components, where matrix multiplication in each com-
ponent H,,, X, H,,, yields the complexity of O(L?). Thus,
the complexity of computing R, is O(KQL?). Similarly,
the calculation of each pricing matrix B, in (14), involves
two matrix inversions and a summation of K components
H,,. X, Hyqg, yields the complexity of O(K L?). The same
technique can be applied to the calculations of R,,, A,
and X,,. With the Gauss-Seidel update, only one cell at the
time, say cell-g, updates its K matrices Ay, ,i = 1,..., K,
which yields the complexity of O(KQL?). The optimization
at cell-¢ then involves the calculation of the noise matrices
R,,’s and their inverses. Thus, ignoring the few iterations
by the bisection step in optimizing the transmit covariance

at each MS, this optimization shall take the complexity of
O(K2L?). Consequently, in order to sequentially update all
the transmit covariances across all () cells, one has the
complexity of O(K Q3 L3+ K?2QL?). On the contrary, with the
Jacobi update, all the precoders can be updated simultaneously
across the () cells, after each instance of calculating the IPN
matrices R,’s and the pricing matrices B,’s. In this case,
the complexity of the ILA algorithm with the Jacobi update
is O(KQ?L? + K?QL?), which is lower than that with the
Gauss-Seidel update by a factor of Q.

Similar to the complexity analysis of the ILA algorithm,
the complexity of the WMMSE algorithm can be found
to be O(KQ?L?). First, calculating the IPN covariance
matrices Rg;,¢ = 1,...,Q, and the signaling messages
wy i U W, Ul g = 1,...,Q, yields the overall com-
plexity of O(KQ?L?). Second, utilizing the calculated IPN
matrix R, at BS-¢, the receive beamformers U,’s and
weight matrices Uy,’s can be updated sequentially from MS-
1 (first) to MS-K (last), which yields the overall complex-
ity of O(KQL?). Third, the complexity of updating KQ
transmit beamformers V,,’s is O(KQL?). Thus, per outer-
loop iteration, in order to update the receive beamformers, the
weight matrices, and the transmit beamformers for @) cells
in the network, the complexity of the WMMSE algorithm is
O(KQ?*L3), which is comparable to that of the ILA algorithm
with the Jacobi update.

Remark 4: In term of total computational complexity, the
distributed implementation of each algorithm is roughly the
same as the its centralized implementation. In term of imple-
mentation, the distributed approach requires certain message
passing among the coordinated BSs and MSs, as detailed in
Table I. In addition, Table I also quantifies the number of mes-
sages that need to be exchanged at each outer-loop iteration.
In the distributed implementation structure, the computation
load in the optimization process can be shared across the
coordinated BSs and MSs.

VI. SIMULATION RESULTS

This section presents simulation results on the achievable
sum-rate of a multicell system in the uplink transmission
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Fig. 1. A multiuser multicell system with 3 cells, 3 MSs per cell. Each MS
is randomly located at a distance d from its connected BS.

under various levels of coordination and on the convergence
behaviors of the proposed ILA and WMMSE algorithms.
We compare the results for three operating modes: (i) the
interference coordination mode obtained from the proposed
ILA and WMMSE algorithms (with equal weight for each
cell), (ii) the competitive mode where each cell selfishly
maximizes the sum-rate for its connected MS only, and (iii)
the network MIMO mode where the whole system is a single
large MIMO MAC channel. Considered is a 3-cell system,
where the distance between any two BSs is normalized to
2, as illustrated in Fig. 1. The number of MSs is set to 3
per cell, unless stated otherwise, and each MS is randomly
located on a circle at distance d from its connected BS. The
BS and MS are equipped with 4 and 2 antennas, respectively.
The transmit power of each MS is limited to 1 W. The
intra-cell and inter-cell channel coefficients are generated as
products of two components: the first components account for
the large-scale path loss with a path loss exponent of 3, and
the second components represent the small-scale fading using
ii.d. complex Gaussian random variables with zero mean and
unity variance. The AWGN power spectral density o2 is set
at 0.01 W/Hz.

We first investigate the achievable network sum-rates versus
the intra-cell MS-BS distance d of the various algorithms,
which are run until fully converged. As d is varied, 10,000
channel realizations at each value of d are used to obtain the
average network sum-rates plotted in Fig. 2. As shown in the
figure, when the distance d becomes smaller, the network sum-
rate increases in all 3 operating modes. This is due to the
increase in strength of intra-cell channels and the reduction
in the strength of inter-cell channels. Out of the 3 operating
modes, network MIMO obtains the largest sum-rate, as it is
the upper bound for any uplink multicell transmission scheme.
It is also observed that by implementing the interference
coordination among the cells using the proposed algorithms
(ILA and WMMSE), one can improve the network sum-rate
by 5 to 15 b/s/Hz over the competitive mode, especially at
high ICI region (large d). Note that the performances of the
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Fig. 2. Network sum-rates under the considered operating modes.
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Fig. 3. Network sum-rates under the interference coordination mode,

obtained from the ILA and WMMSE algorithms with 10 random starting
points or with 10 outer-loop iterations.

interference coordination mode are obtained from the same
initialization with V,, VI = X, = (P, /N)I for both ILA
and WMMSE algorithms. Fig. 2 shows that there is literally
no difference in the performances obtained from the ILA and
WMMSE algorithms with the same identity matrix starting
point. In other words, they both converge to the same local
maximum most of the time.

As the proposed ILA and WMMSE algorithms do not
guarantee a globally optimal performance, it is interesting to
investigate the effects of the starting point on their achieved
network sum-rate. For this, we run simulations for 10 different
randomly generated starting points and record the best sum-
rate result out of the 10 fully converged maxima for each
algorithm. The resulting plots for the 2 proposed algorithms
designated by ILA-10_random, and WMMSE-10_random, in
Fig. 3 show a negligible performance difference between the
two proposed algorithms, and a slightly increased network
sum-rate as compared to the case with identity matrix starting
point in Fig. 2. This close performance indicates that the
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Fig. 4. Convergence of the proposed ILA and WMMSE algorithms to
maximize the network sum-rate with the interference coordination.

identity matrix is a good and simple choice for the starting
point. As previously discussed, both the proposed ILA and
WMMSE algorithms enjoy the monotonic convergence, but
require the coordinated cells to exchange signaling information
after each outer-loop iteration. For practical implementation,
it may be desirable to limit the number of iterations in
order to reduce the amount of signaling exchange and it
is interesting to understand the effect of number of itera-
tions on their performance. For illustration, we include in
Fig. 3 the plots ILA-10_iteration, WMMSE-10_iteration, and
Competition-10_iteration representing the achieved network
sum-rates after 10 outer-loop iterations of the ILA, WMMSE
algorithms and competitive mode, respectively. The simulation
results in Fig. 3 indicate that the ILA algorithm is faster
to achieve its converged performance than the WMMSE
algorithm in terms of the number of outer-loop iterations.
Both algorithms outperform the competitive mode after just
10 iterations. Note that the ILA algorithm in this simulation is
implemented with the Jacobi update. Thus, it requires a similar
amount of inter-BS signaling as the WMMSE algorithm.

To investigate further their convergence behavior, we obtain
simulation results for a specific channel realization with d =
0.5 and plot the network sum-rates achieved after each outer-
loop iteration by ILA using Jacobi and Gauss-Seidel updates,
WMMSE, and competition (for comparison). As observed in
Fig. 4, the interference coordination mode, obtained by the
ILA and WMMSE algorithms, offers higher network sum-rate
than the competitive mode. It is also observed that the ILA
algorithm does monotonically converge with both Jacobi and
Gauss-Seidel updates. The network sum-rate is also improved
monotonically by the WMMSE algorithm. These convergence
behaviors of the ILA and WMMSE algorithms agree with our
analysis. Interestingly, Fig. 4 confirms that the ILA algorithm
has a faster convergence than the WMMSE algorithm in terms
of number of outer-loop iterations. This observation explains
why the ILA algorithm obtains better sum-rate performance
than the WMMSE algorithm after 10 outer-loop iterations as
shown in Fig. 3.
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Convergence of the proposed iterative algorithm to solve Problem

As previously discussed, WMMSE algorithm has only
outer-loop iterations while ILA has both inner-loop and outer-
loop iterations. To investigate its inner-loop convergence, in
Fig. 5, we plot the sum-rate achieved at cell-1 after each
number of inner-loop iterations by the ILA, for the same
channel realization used in Fig. 4, and at outer-loop iteration
#2 (when A,,’s are now non-zero). Note that the inner-loop
iterations in the ILA algorithm involve the proposed algorithm
in Theorem 1 to maximize the MAC sum-rate with penalty
terms (11). For comparison, the convergence of inner-loop
iterations in the competitive mode, i.e., the iterative water-
filling algorithm for MAC sum-rate maximization [16], is also
illustrated. Fig. 5 indicates that, at the outer-loop iteration
#2, due to the penalty terms, the ILA inner-loop algorithm
achieves lower sum-rate in cell-1 than the competitive mode
(without the penalty terms). However, as the cell adopts a
more cooperative strategy by limiting the ICI to other cells,
the overall network sum-rate performance is indeed improved,
as shown in Fig. 4.

Finally, Fig. 6 compares the CPU running time of the
proposed ILA and WMMSE algorithms versus the number
of MSs at each cell under the same termination criterion. Al-
though the CPU running time is rather relative, all algorithms
are programmed with the same code implementation and run
on the same platform, which allows us to realize the relative
trend in computational complexity of each algorithm. As
shown in the figure, the ILA algorithm with the Jacobi update
shall improve the running time over that with the Gauss-Seidel
update roughly by a factor of (Q = 3. Interestingly, while
the WMMSE requires more outer-loop iterations, i.e., more
inter-BS signaling exchange, it has less running time than
the ILA algorithm. Intuitively, the WMMSE does not require
the inner-loop iterations, while the ILA algorithm does for
sequentially optimizing precoders at a particular cell. Thus, the
WMMSE algorithm imposes less intra-cell BS-MS operation
and signaling than the ILA algorithm. In fact, the running
time of the WMMSE algorithm is almost linear with K, as
our complexity analysis indicates.
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Fig. 6. Average CPU time versus the number of MSs per cell.

VII. CONCLUSION

This paper examined the problem of WSR maximization
in the multicell MIMO MAC. Under the interference coor-
dination mode among the multiple cells, the network WSR
maximization problem was shown to be nonconvex. The
paper then proposed two solution approaches, namely ILA
and WMMSE, to approximate and transform the original
nonconvex problem into convex optimization ones. In the ILA
approach, the nonconvex optimization problem is successively
approximated and decomposed into a set of convex prob-
lems, which can be solved distributively at each MS. In the
WMMSE algorithm, by transforming the original problem into
a weighted MSE minimization problem, the network WSR
is maximized by alternatively optimizing the weight matrices
and MSE decoders at each BS and the precoder at each
MS. Simulations confirmed the convergence analysis of the
proposed algorithm and showed a significant enhancement in
the network sum-rate as compared to competitive design.

APPENDIX A
PROOF TO THEOREM 1

The proof for this theorem follows the similar approach
used in [16] for the sum-rate maximization in the MAC
without the penalty components EZK:1 Tr{A, X, }. Before
proceeding to the main part of the proof, we briefly revisit the
solution of problem (12), which was previously given in [8].

Given p,, as the Lagrangian multiplier associated with the
power constraint Tr{X,, } < P,,, it was shown in [8] that the
optimal solution X7 must be in the form of

X; =Gy P, G, (27)

where Gy, is the (normalized) generalized eigen-matrix of
the pair of matrices of HY. R_'H,,, and (Ay, + p1q,1). The
matrix P, is a nonnegative diagonal matrix, obtained from
the following water-filling solution

) (28)

_ 11+
P, = [w,=@ " - =]

where Eg) and Eg) are diagonal matrices given by

1) _ oHgH p-1
Et(h) - G quq qu Hyy, Gy,

ng) = Gg(Aqi + 11q, 1) Gy

i

In this solution, the dual variable ji,,;, behaving as the water-
level in the water-filling process, is adjusted to enforce the
power constraint. Utilizing this optimal solution, we now
show that the optimal solution to the multiuser problem (11)
is indeed a collection of solutions to individual single-user
problems (12).

If part: Let {X,, }£ | be the optimal solution of the original
K-user problem (11). Suppose that X,, is not the optimal
solution of the corresponding problem (12) while treating
R, = Ry + X, Hyy X H]  as noise. Then fixing
all other covariance matrices Xq],Vj # 14, solving problem
(12) obtains the optimal solution X7 . Clearly, X7 strictly
increases the objective function of the original problem (11).
Thus, this contradicts with assumption on the optimality of
{qu' iKzl'

Only if part: Consider the partial Lagrangian of problem
(1)

K
Xgis Bg) Z tq; Py, + wqlog | Rq + Z Hgq: Xy Hfm
i=1
K
- Z Tr {(Aqq' + Hg; I)X(h} ) (29)
i=1
where pt, = [fiq,, -, figs ] are the Lagrangian dual variables

associated with the power constraints. For optimality, the
solution of problem (11) must satisfy the following Karush-
Kuhn-Tucker (KKT) conditions

K —1
H H
qui<Rq+ZquiX qu) H,
=1

Tr{Xth} = Py, Vi
,uqi Z O,\V/Z

= Ay + pg, LVi

For the case of K = 1, it is straightforward to verify that
the optimal solution of problem (12), X} = quPinZ ,
with P, given in (28), satisfies the above KKT conditions.
However, the KKT conditions for the single-user case are
different from that for the multiuser case by the additional
noise term » ., Hoq, X, HH Thus, if each X7 satisfies the
single-user condition whlle treatlng the 51gnals of other MSs
as noise, then collectively, the set of {X* * , must satisfy the
above KKT conditions for the multiuser case. Then, {X* s
must be the optimal solution to the original problem (11).

APPENDIX B
PROOF TO THEOREM 2

Similar to the approach in [7], [8], the proof for this theorem
is established by showing that the network sum-rate is strictly
nondecreasing after an update at any given cell. Suppose
that X, = Xq = {Xqi}f; ,Vq from the previous outer-
loop iteration, and X7 = {X;i}il as the optimal solution
obtained at cell-q after the current outer-loop iteration.
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Similar to the technique applied in [6], [8], it can be easily
shown that f,(X,,X_,) is a convex function with respect to
X, € 8, = {X,, Xy = 0, Tr{X,,} < P,}. Thus, by the
first-order condition for the convex function f, [18], one has

ZTr{AqL 5= Xg)}

(30)
with A,, being defined in (10) at X,,.
After one Gauss-Seidel iteration, the network weighted
sum-rate is updated such that

K
2> wqRq(XQ’ X—q)+fq(XQ’ X—q)_ZTr{Aqi (Xth _Xth’)}

Q — —
Z weRq(Xq, X—q),
qg=1

where the first inequality is due to the one in (30), and the
second inequality is due to X7 as the optimal solution of prob-
lem (11). Since the network sum-rate is upper-bounded and
nondecreasing after each update, the sequential optimization
(11) generates a Cauchy sequence that must converge to one
of the local maxima.

APPENDIX C
PROOF TO THEOREM 4
Denote
Q K
FAVE) =D w, Y log [EYMSE) 31)
q=1 i=1
and

g({Ulh }7 {qu' }7 {Vq'i })
Q K
=D wy Y [Tr{WyE,} —log|W,[]  (32)
qg=1 =1

as the cost functions of the original problem (15) and the
restated WMMSE problem (22).

Since the constraint set of problem (22) is decoupled for
the variables Uy, W, V., applying the block coordinate
descent method by alternative minimizing over U,,, W,, V,
must decrease its cost function monotonically [19]. In addi-
tion, the power constraint on V, is upper-bounded, the cost
function (32) is lower-bounded. Thus, the proposed WMMSE
must monotonically converge to at least a local minimum of
the cost function (32). Note that the cost function of the orig-
inal sum-rate maximization problem (15) does not necessarily
improve after each iteration. However, given (U; , W7 , V)
as a local minimizer of problem (22) obtained from the
WMMSE algorithm, it can be proved that V7 is also a local
minimizer of the original problem (15) as follows

First, we need to show that the gradients of f(-) and g(-)
with respect to V,, are the same at V7 . Similar to the
approach in [9], [13], evaluating the gradients of f(-) and
g(-) at the (m,n)-element of V,, one has

or{Va})
a[qu ]m n Vq . :V*L
i K 810g |EMMSE(Vq1)
= w?”
r=1  j=1 Vg Jm.n Vg, =V3,
Q K _
=Y w > (EMNSE(V;))
r=1 7j=1
OEYMIE(V,,) (33)
X =~y 1 )
IV glm,n V. v
i Y g,

and

ag({qu }v {W% }7 {V% })

‘ti =V}, U, =U;,

8[ti]mn ;
Q K
OE,,(U,,, V)
=Y w Yy W,
; jzl "0V v, —vs v, Ut
Q K
OE,,(U*,,, V)
wy Yy Wi OB, (U4, Va) (34)
=2 ; 0NV vy ov;

Since Wi, = (EMMSE(V:)) ™' = (E, (U5, V)

which yields the equivalence between (33) and (34). In addi-
tion, because (Uy,, W7, V7 ) is a local minimizer of problem
(22), it must satisfy the stationarity condition:

(35)

Tr {VV% g(U;i ) W;L ) V; )H(qu' o V;L } <0, Vqu :

Conversely, due to the equivalence between (33) and (34), V.
also satisfies the stationarity condition:

Tr{Vv, f(Vi)" (Vg = V. <0VV,.  (36)

Thus, V,, must be also a local minimizer to the original
problem (15).
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